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Hunge-Kutta-reniberg vietnod

One popular technique that uses Inequality (5.22) for error control is the Runge-
Fehlberg method. (See [Fe].) This technique uses a Runge-Kutta method with loc
cation error of order five,
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to estimate the local error in a Runge-Kutta method of order four given by
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where the coefficient equations are
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An advantage to this method is that only six evaluations of f are required per step. /
Runge-Kutta methods of orders four and five used together (see Table 5.9 on p:
require at least four evaluations of f for the fourth-order method and an addition:
the fifth-order method, for a total of at least 10 function evaluations. So the Rung
Fehlberg method has at least a 40% decrease in the number of function evaluations
use of a pair of arbitrary fourth- and fifth-order methods.

In the error-control theory, an initial value of & at the ith step is used to find
values of w4 and W; ., which leads to the determination of g for that step, and
calculations are repeated. This procedure requires twice the number of function ev
per step as without the error control. In practice, the value of ¢ to be used is chosen s
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Since R < 1075, we can accept the approximation 0.9204886 for y(0.25), but we should
adjust the step size for the next iteration to 4 = 0.9461033291 (0.25) ~ 0.2365258. How-
ever, only the leading 5 digits of this result would be expected to be accurate because B
has only about 5 digits of accuracy. Because we are effectively subtracting the nearly equal
numbers w; and w; when we compute R, there is a good likelihood of round-off error. This
is an additional reason for being conservative when computing g. i
The results from the algorithm are shown in Table 5.11. Increased accuracy has beer
used to ensure that the calculations are accurate to all listed places. The last two columns
in Table 5.11 show the results of the fifth-order method. For small values of ¢, the error is i
less than the error in the fourth-order method, but the error exceeds that of the fourth-order

method when ¢ increases. i
Table 5.11
RKF-4 RKF-5

7 yi=y(#) w; h; R; [vi —wil W lyi = Wi

0 0.5 0.5 0.5 _
0.2500000 0.9204873 0.9204886 0.2500000 6.2 x 10 1.3 x 1076 0.9204870 2.424 x 10"*
0.4865522 1.3964884 1.3964910 0.2365522 4.5 x 1076 2.6 x 1076 1.3964900 1.510 x 10"9- :
0.7293332 1.9537446 1.9537488 0.2427810 4.3 x 1076 4.2 x 1076 1.9537477 3.136 x 10'6<
0.9793332 2.5864198 2.5864260 0.2500000 3.8 x 107 6.2 x 1076 2.5864251 5.242 x 10
1.2293332 3.2604520 3.2604605 0.2500000 2.4 x 107° 8.5 x 10~¢ 3.2604599 7.895 x 10“" 1
1.4793332 3.9520844 3.9520955 0.2500000 7 x 1077 1.11 x 10 3.9520954 1.096 x 10‘5

1.7293332 4.6308127 4.6308268 0.2500000 1.5 x 1076 1.41 x 1073 4.6308272 1.446 x 105
1.9793332 5.2574687 5.2574861 0.2500000 4.3 x 1076 1.73 x 1073 5.2574871 1.839 x 10-°3
2.0000000 5.3054720 5.3054896 0.0206668 1.77 x 1078 5.3054896 1.768 x 105 -

EXERCISE SET 55

1. Use the Runge-Kutta-Fehlberg method with tolerance TOL = 1074, hmax = 0.25, and hmin = 0.08

to approximate the solutions to the following initial-value problems. Compare the results to the actug:
values. .

a. y=te" -2y, 0<t<1, y(0)=0; actual solution y() = jre¥ — Le¥ 4 Lo,

b. y=14+@¢-y)? 2=<r<3, @) =1; actual solution Y@ =t+1/1—1).

e V=1+4y/t, 1<t<2, ¥(1) = 2; actual solution y(¢) = zIn¢ + 2¢. 3
@ d. Y =cos2t+sin3r, 0<t<1, y(0)=1; actual solution y(t) = §sin2¢ — 3 cos3t + -8

Use the Runge-Kutta Fehlberg Algorithm with tolerance TOL = 10~* to approximate the solution & ;
the following initial-value problems. L

a Y=/ +y/t, 1<t <12, y(1) =1, with hmax = 0.05 and hmin = 0.02.
b. ¥ =sint+e”, 0<t<l, »(0) =0, with hmax = 0.25 and hmin = 0.02.
(3 YV=0"+w/t, 1<t<3, y(1) = =2, with hmax = 0.5 and hmin = 0.02.
Y=t 0<t<2, y(0) =0, withhmax = 0.5 and hmin = 0.02.
3. Use the Runge-Kutta-Fehlberg method with tolerance TOL = 1076, hmax = 0.5, and hmin = 005

to approximate the solutions to the following initial-value problems. Compare the results to the actus
values. ¢

a V=y/t—(/)?, 1<t<4, ¥(1) = 1; actual solution y(t) = t/(1+1Int).

b Y=14y/t+/t) 1<t<3, ¥(1) = 0; actual solution y(¢) = ¢ tan(In ¢).

¢ V=—-(p+DOG+3), 0<r<3, ¥(0) = —2; actual solution y(¢) = —3 +2(1 +e 230
A V=0+2 -1y, 0<1<2, y0)= 1: actual solution y(f) = (3 4 2¢% + e’y
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